Abstract. A class of vector fields on two-dimensional manifolds equivariant under the action of a compact Lie group is defined. Properties of openness, structural ability, and density are proved.
Introduction and statement of results. Let G be a compact Lie group acting smoothly on a smooth compact connected two-dimensional manifold M. In this paper we define a subset of the space %rG(M) of C, r > 1, equivariant vector fields on M which correspond to the Morse-Smale vector fields studied by Peixoto, Palis, Smale [17, 11, 15] and others (see [13] ). We prove that this subset of equivariant vector fields, which we call G-Morse-Smale vector fields, is open, and each GMorse-Smale vector field X is equivariantly structurally stable in £rc(M). That is, if Y E ?irc(M) is near X then there exists an equivariant homeomorphism of M that sends trajectories of X into trajectories of Y. Also, we prove that it is dense in £rc(M), with some exceptions; the most important exception corresponds to the fact that the density of the Morse-Smale vector fields for nonorientable 2-manifolds in the Cr topology, with r s* 2, is still an open question (see Gutierrez [6] ). Our results generalize those of Peixoto [17] .
The definition of G-Morse-Smale vector fields given here is different from that given by Field [3, 5] in that it allows the presence of graphs in the nonwandering set. In this way, we have enough vector fields to get density, along with structural stability. However, in higher dimensions the situation is unclear since no results on structural stability have been proved so far. We believe that the concept of "modulus of stability" (Melo [10] , Palis [12] ) seems to be more appropriate to the equivariant framework. Examples of equivariant vector fields on 3-manifolds with modulus of stability equal to one are given in [14] .
In fact, this phenomenom appears even locally. A G-equivariant vector field X on M defines a G X R action on M (see §1). A critical element of X is a compact G X R orbit. We require that it be normally hyperbolic. Of course, normal hyperbolicity does not imply local structural stability, but it may provide modulus of stability. We may impose an additional condition on the G-action (see § §1,2), in order to get local stability (a normally hyperbolic critical element with this additional condition is called G-hyperbolic). But this condition is very restrictive, and it would be preferable to have a definition which avoids it.
Our results were announced in [20] . As pointed out by M. J. Field (Math. Rev. 80c: 58012), we provide a class of examples of fi-stable vector fields on 2-manifolds which are not Axiom A in the sense of Pugh and Shub [19] . Now we state the main results in a more precise way. Definition. A G-equivariant vector field on M is said to be G-Morse-Smale if: (i) its nonwandering set consists of a finite number of critical elements and graphs, all of them G-hyperbolic;
(ii) the stable and unstable manifolds of critical elements have G-transversal intersection.
The definition of G-hyperbolic graph is in Definition 3.4. The other definitions are found in §1. Proofs of Theorems A, B and C are in § §4, 5 and 6, respectively. In § 1 we give general definitions and results. §2 contains a proof of local stability and §3 describes G-hyperbolic graphs. Examples are given §4.
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1. Generalities on equivariant vector fields. In this section, we recall some basic definitions and results on equivariant dynamical systems. The main reference is Field [5] . speak of an action of G X R on M, namely (g,t)x = Xt(gx). Similarly, if / is a G-equivariant diffeomorphism on M, we have an action of G X Z on M defined by (g, n)x = f(gx).
Let £G(M) and Y)iffG(M) denote, respectively, the spaces of all Cr G-equivariant vector fields and diffeomorphisms on M, with the C topology, when M is compact.
Let /: M -M be a C1 diffeomorphism. We say that an /-invariant C1 compact submanifold V of M is normally hyperbolic for / if there exists a T>/-invariant splitting TV ® N" ® N" of TVM into continuous subbundles such that, relative to some Riemannian matric on M.
Hexe,m(A) = inf{||^4A'H: \\X\\ = 1} = p-'H"1 (see [8] ). If V is G-invariant and / G Diff^(M), the Riemannian metric may be taken to be equivariant and the bundles N" and Ns axe G-vector bundles over V. If V is left invariant by a C1 flow Xn we say that X, is normally hyperbolic at V if for some t ¥= 0, the diffeomorphism Xt is normally hyperbolic at V. This definition is independent of the value of t chosen. Let/G DiffG(M). A critical element for/is a G X Z-orbit V which is compact.
where a is a G-orbit and p is the period of a, the smallest strictly positive integer for which fp(a) -a. We say V is normally hyperbolic for / it is normally hyperbolic for fp. Similarly, for X E lrG(M), a critical element is a G X Zv-orbit which is compact.
There is a natural stable and unstable manifolds theory for critical elements of equivariant diffeomorphisms and vector fields. If V is a normally hyperbolic critical element for / G T>iffG(M), there exist C G-invariant locally/-invariant submanifolds WXUJV) and WfJV) of M, tangent at V to TV® Nu and TV® Ns, respectively. Also, there exists a G-invariant neighborhood U of V such that 
Similarly for Wu, Wss and Ws. As usual, the global stable and unstable manifolds are obtained by iterating/. For vector fields the theory is similar.
For the notion of G-transversality of stable and unstable manifolds see Bierstone [1] and Field [4] . For two-dimensional manifolds, that notion is equivalent to that one called "stratumwise transversality". This property is defined as follow. If H = Gx is the isotropy subgroup of a point x EM, then the conjugacy class (H) of
H is called the type of the G-orbit G(x). The union Mtff) of all G-orbits of type (H)
is a differentiable G-fiber bundle with the G-orbits as fibres. The manifold M is stratified by orbit type (see Bredon [2] ). If W E M and 77 is a subgroup of G, we denote W(fl)= W n M(H). Let Ws and W" be stable and unstable manifolds of critical elements of an equivariant diffeomorphism or vector field. Let x E M and H = Gx. We say IVs is stratumwise transverse to W" at x if W(SH) is transverse to W"H) in M(//). That is, we require that the tangent spaces of W^H) and W"H) at x generate the tangent space of Af(//) at x.
We remark that the normal hyperbolicity hypothesis for a critical element does not imply local structural stability. In order to assure stability, we require an additional condition, which we describe below for flows.
Let F be a normally hyperbolic critical element of X E £rG(M). Thus V -(G X R)(x) is a compact G X /?-orbit, for some x E M. There are three cases to be considered:
in this case, G(x) is a global Poincare section for the restriction of X to V. In fact, in the 2-dimensional case, V is equivariantly diffeomorphic to G(x) X Sl. We recall that the isotropy group Gx is constant along a trajectory of the vector field X. Also, N(Gx)(x) is the subset of points of the G-orbit G(x) whose isotropy group is Gx. Here, N(GX) -{g E G: gGxg~x -Gx) is the normalizer of Gx. It is known that N(Gx)(x) is diffeomorphic to N(GX)/GX and G(x) is diffeomorphic to G/Gx. Rank A^(G^) denotes the dimension of the maximal tori N(GX)/GX. Definition. Let V -(GX R)(x) be a normally hyperbolic critical element of X EXG(M). Let H = Gx. We say that V is G-hyperbolic if one of the following conditions is satisfied. 2. Local stability. Let V be a G-hyperbolic critical element of X E £rG(M). In this section, we give a proof of the structural stability of X in a neighborhood of V, by using the followng equivariant version of a theorem of Palis and Takens [16] . The proof of this theorem is a matter of checking that the pertinent constructions in the proof in [16] can be made equivariantly. By conjugacy H between X and Y we mean that H is a homeomorphism conjugating the flows Xt and Yt: HXt = YtH for all t G R. If we weaken the latter condition by just requiring that H sends trajectories of X into trajectories of Y then H is said to be a topological equivalence. We say X is equivariantly structurally stable in a neighborhood U of V if there exists a neighborhood Q of X in £G(M) such that, for each Y E Q, there exists a G-equivariant topological equivalence h between X and Y, from U to h(U). 3. G-hyperbolic graphs. In this section, we define a G-hyperbolic graph and prove structural stability in its neighborhood.
Let M be a two-dimensional manifold. A graph of a vector field X on M is a closed and connected subset of M consisting of saddle points and separatrices such that:
(i) the a-and co-limit sets of each separatrix of the graph are saddle points; (ii) each saddle point of the graph has at least one stable and one unstable separatrix contained in the graph. 
W(G(p)) -G(p) = W\G(q)) -G(q).
Proof. First we observe that the existence of a saddle point implies that all G-orbits have dimension zero. Let S be a slice for the action of G at p, on which the isotropy group Gp acts orthogonally (slice theorem, see Bredon [2] ). The G-transversality condition and the G-invariance of Ws and W" imply that Gp is the group D2 = (/\(0), R(it), A(0), A(tt)}, where R(0) is the identity, R(tt) the rotation through it, A(fY) the reflection about the jc-axis, and A(tt) the reflection about the y-axis. There are four types of G-orbits on S, corresponding to the isotropy groups R0, A0, Ax, D2. Here R0= (R(0)}, A0= {R(Q), A(0)}, Ax = {R(0), A(-tt)}. The stratum S(DiX = p has dimension zero, and S{A , and S{A) have dimension one. Since, in S, W(p) -p coincides with S,A x (or with S,A x), and similarly for Ws(p) -p, (a) and (b) have been proved. For (c), let y be a trajectory of X contained in W"(p) n Ws(q), so that p and q are the a-and co-limit sets of y: a(y) -p, w(y) -9-Then, if g E G is the reflection about Ws Given an equivariant vector field Xon M, we define its projection X* = tt(X) on M* by X*(7t,(x)) = dirt(x) • X(x), for x E M,. Each Mf is left invariant by X*, and X* | Mf is a differentiable vector field. Conversely, if Z is a vector field on M* that leaves each Mf invariant, we can lift it to a vector field X on M, such that tt( X) = Z. If X, and Xf denote the flows of X and X*, we have Xf ° it -it ° X,.
Let p be a singularity for X. Then 7r( p) = q is a singularity for X*. Since A is an eigenvalue of DX(p) if and only if X is an eigenvalue of DX(gp) for each g in G, we can define the eigenvalues of X* at q as being the eigenvalue of DX(p), where p E M is such that tt(p) -q. If p is a saddle point for X, cy is said to be a saddle point for X*.
We will use the following notation: px<p2 if there is a trajectory y such that a(y) -P\ ar>d w(y)=p2.
The following proposition follows immediately from Proposition 3.1.
Let L be a graph as in Proposition 3.1. Let p,,...,p" be the saddle points of L, withpx < p2 < • • ■ < pn <P\-Then:
(a) it(L) is a graph for X*.
(b) Let qx,...,qmbe the saddle points oftt(L), and suppose that qy < q2< • ■ • < qm < qy. Iftt(px) = qy, then tt(p2) = q2,. ..,tt(pm) = qm, and if m < n, tr(pm+x) = qx, ir(pm+2) = q2,... ,v(p2m) = qm, and so forth, the cycle being repeated.
The following lemma may be proved by successive application of the following facts:
(a) By a theorem due to Hartman [7] , C2 vector fields on two manifolds are C1 linearizable near hyperbolic singularities. Thus, if p is a saddle point of X, there is a coordinate system rp: U -» R2, around p, such that X,(x\ x2) = (xieXl, xle{Lt). Here (x\ x2) = (p(x), for x E U, and X, p are the eigenvalues of x at p. We assume that <p(p) = (0,0),<p(x) = (x\0)foxxE Ws(p),and<p(x) = (0,x2)foxx E W"(p). (b) Let y be a trajectory of X such that a(y) = px, co(y) = p2 axe saddle points of X. Let <p,: U, -» /?2 be coordinate systems around p,, / = 1,2, as in (a). Let Sx C Ux be a cross-section through a point of y such that, for some T> 0, XT(SX) -S2 is contained in U2. Assume that the points in S, and S2 have coordinates (x\ 1) and (1, y2), respectively. Let g: Sx -» S2 be the map (1, y2) = g(x\ 1) = -Yr(jc\1). Then y2 = AT,*1, l)x\ where k: Sy -* Ris a continuous function bounded away from zero. Proof. Suppose that L is an attractor (similar argument applies to repulsor). Let Q be a neighborhood of X, as in Proposition 3.6, and Y E Q. Let X* = tt(X) and Y* = 77(F). Then tt(L) is contained in the boundary N* of M*, and is an attractor graph for X* and Y*. In a collar neighborhood of tt(L) we define a topological equivalence h between X* and Y* via arc length. Now, via it, we can lift A to a G-equivariant topological equivalence between X and Y, defined on a G-invariant neighborhood of L. 4 . Examples and proof of Theorem A. In the rest of this paper M is a compact connected boundaryless two-dimensional manifold. We denote by d the dimension of principal G-orbits. Before we start the proof, we give some examples.
(4.1) Examples, (a) Letp: R3 -{0} -» S2 be defined byp(x) = x/\x\, where |x| is the Euclidean norm of x. If X' is a linear vector field on /v3, we define a vector field X on the sphere S2 via p: X(x) = Dp(x) ■ X'(x), for x E S2. If X' is equivariant then X is equivariant for the restriction to S2 of the action of G. For instance, if X' is the vector field defined by the diagonal matrix diag[a, a, b], a > b, and G is SO(2) acting as rotation around the z-axis, then X is the equivariant vector field which has the north and south poles as sources and the equator as an attractor G-orbit of singularities. All the other trajectories of X start at the poles and end in the equator, along the meridians. If x is a point in the equator, we have N(GX)/GX -SO(2). So G(x) is not G-hyperbolic for X. Adding to A' a small equivariant vector field tangent to the equator and zero outside of a neighborhood of the equator, we obtain a G-Morse-Smale vector field with the equator as a closed trajectory. However, if we have G = 0(2) instead of SO(2), the same vector field X is G-Morse-Smale, since N(GX)/GX = D2/A0 (see notation in proof of 3.1) has dimension zero and so the equator is G-hyperbolic. We cannot perturb X to make the equator a closed trajectory.
(b) Assume that G acts transitively on M (that is, M is a G-orbit). Then M is S2, P2, or T2. Let Xbe a G-equivariant vector field on M. So the whole of M is a critical element for X. Of course, it is not normally hyperbolic. If M is S2 or P2 then X is null. If M is T2 then all of the trajectories of X areji) singularities or (ii) closed trajectories or (iii) trajectories dense on T2. In fact, R(x) (the closure of a trajectory of X) has the structure of a compact connected abelian Lie group, so is a torus (see Field [5, §2 .B1]). For S2 and P2, X is structurally stable. For T2, it depends on k = rank N(GX)/GX. If k = 0, then X must be null and is structurally stable. If k = 1, and X i= 0, then X consists of closed trajectories and is structurally stable. If k = 2, X is never structurally stable. In fact, X has modulus of stability equal to one (the parameter being rotation number). This gives a complete description in the case of transitive action.
(c) Assume d-\.HX\&a G-equivariant vector field on M such that M -(G X R)(x) for x EM, then M = T2. In fact, M = G(x) X S1 = S] X Sl. If k = 0, the trajectories of X axe closed and X is structurally stable. If k = 1 then X has modulus of stability equal to one.
(d) Let G = Z2X Z2X Z2 acting on S2 E R3 by (a, b, c)(x, y, z) = (ax, by, cz), (a, b, c) E G, (x, y, z) E S2. Let X be a G-Morse-Smale vector field on S2 described as follows. The boundary of the first octant of S2 is a graph L for X, with saddle points pt = (l,0,0),p2 = (0,1,0), p3 = (0,0,1) and separatricesy,, i = 1,2,3, such that a(y,) =p,, co(y,) =p,+1, for i = 1,2, and a(y3) =p3, co(y3) =pv In the interior of the first octant there is a source, and all regular trajectories have that source as their a-limit set and L as their co-limit set. The other octants are reflected copies of the first one. (ii) when there are saddle connections between two G-orbits of saddle points, they are contained in strata M{H) of dimension one, by the G-transversality property. Hence they are persistent and the G-transversality is preserved by small equivariant perturbations.
The rest of the argument is standard and is omitted. (a) Let p be an isolated attractor (or repulsor) singularity for X and let p' be the corresponding one for Y. Let d be a neighborhood of p and p' whose boundary S is transversal to X and Y. We assume that S is invariant by Gp and that if (gD) (1 D ¥= 0 (g EG) then g G Gp (slice theorem, Bredon [21] ). If h: S -> S is a G^-equivariant homeomorphism, we extend h to D via conjugation (h = YthX_t), and h(p) = p'. Now we equivariantly extend h to G(D).
(b) If L is a graph for X, we take a segment 5 transversal to X and Y through a point of the graph. If h is defined on a fundamental domain contained in S, we extend h to a neighborhood of L as in the proof of Proposition 3.7.
(c) Let y be a closed trajectory for X and let y' be the corresponding one for Y. Let S be a section transversal to X and Y, which is invariant by X and Y (in the sense that X,(S) C 5, for some t E R). In the usual way, if h: S -> S is a homeomorphism sending yflS into y' n S, we extend h to a neighborhood of y via conjugation. Then we extend h equivariantly to a neighborhood of G(y).
(d) From each saddle point we construct a transversal segment S. If we have a separatrix between two saddle points, we extend, in an equivariant way, a homeomorphism defined on such a segment S to a neighborhood of the separatrix via arc length, by using those segments as references to measure the arcs. If the separatrix
